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The non-linear conductance of semiconductor heterostructures and single molecule devices exhibit-
ing Kondo physics has recently attracted attention. We address the observed sample-dependence of
the measured steady state transport coefficients by considering additional electronic contributions
in the effective low-energy model underlying these experiments that are absent in particle-hole sym-
metric setups. A novel version of the superperturbation theory of Hafermann et al. in terms of
dual fermions is developed, which correctly captures the low-temperature behavior. We compare
our results with the measured transport coefficients.
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Quantum matter out of equilibrium is currently inves-
tigated in a wide range of settings ranging from cold atom
setups and light-matter systems to various condensed
matter systems. Depending on the context, the focus
ranges from thermalization of quantum matter to the de-
scription of relaxation processes to the microscopic char-
acterization of non-thermal steady states. In condensed
matter systems, with couplings to well-defined heat- and
particle reservoirs, current-carrying steady states are of
particular interest [1, 2].
In this letter, we are concerned with the nonlinear con-
ductance of a model system of strong electron-electron
interaction. Traditionally, the calculation of transport
properties on the basis of the fluctuation-dissipation the-
orem is fairly well developed. Yet, no generally valid
method exists to go beyond the linear-response regime,
as e.g. a Boltzmann equation based approach relies on
well-defined quasi-particles and relaxation-time-like ap-
proximations. Of particular current interest is there-
fore the effect of strong electron-electron correlation on
electrical and thermal conductivities beyond the linear
response regime. Kondo-correlated quantum dots have
served as ideal model systems to address this interplay
between out-of-equilibrium dynamics and strong correla-
tions both experimentally and theoretically. In equilib-
rium, the Kondo effect leads to an enhancement of the
linear conductance G = dI/dV |V=0 to close to twice the
quantum of conductance at sufficiently low temperatures
(I is the current through the quantum dot and V the
applied bias voltage) independent of any details of e.g.
the density of states of the leads. The fate of this univer-
sality away from equilibrium has been subject of intense
research [3–7]. Recently, the universal aspects of steady-
state charge transport in the Kondo regime beyond lin-
ear response through semiconductor heterostructures and
various single molecule devices have been addressed ex-
perimentally [8–10]. It was found that the prefactors α
and γ of the non-linear conductance, defined via (kB = 1)
(G0−G(T, V ))/(cTG0)=
( T
TK
)2
+α
( eV
TK
)2
− γcT
(eV T
T 2K
)2
(1)
differ significantly across different classes of devices.
Here, T is temperature, G0 = G(T → 0, V = 0) and
TK is a dynamically generated low energy scale, i.e. the
Kondo temperature.
Our primary motivation is to address the systematic
difference between the results reported in [8] (αG = 0.1,
γG = 0.5) and [9] (αS = 0.05, γS = 0.1) within the
single-level Anderson impurity model (SIAM) as the ef-
fective low-energy model for these devices. In the strong
coupling regime, this model is equivalent to the Kondo
model plus a potential scattering term generated away
from particle-hole (p-h) symmetry. Particle-hole symme-
try can easily be broken either locally on the device itself
(see below Eq. (2)) or in the leads connected to the device
(see below Eq. (7) [11]). Consequently, realistic devices
are generically not p-h symmetric and it is important
to understand the effect of p-h asymmetry on transport
properties. An immediate consequence of p-h asymmetry
is that the number of electrons localized on the device is
no longer fixed to be 1/2 (per spin component).
Theoretically, not much is known about α and γ. A
full solution of the SIAM out of equilibrium is not avail-
able and the calculation of these transport coefficients is
challenging. Results for α obtained from exactly solv-
able cases are not directly applicable [3, 12]. Stan-
dard approaches, e.g. the numerical renormalization
group (NRG) yield only linear response transport coef-
ficients [13]. Selfconsistent methods can in principle be
extended to the non-linear response regime. They are
conserving by construction [14] but either fail to capture
the correct ground state as e.g. the non-crossing approx-
imation or the extension onto the Keldysh contour is too
involved [15]. As the potential scatterer is a marginally
2irrelevant perturbation it is expected to modify the trans-
port coefficients but its effect should be pertubatively ac-
cessible. At p-h symmetry α ≈ 0.15 has been obtained
independently of the amount of asymmetry in the lead-
dot coupling between the two leads [5, 16–19].
The SIAM Hamiltonian is Hˆ = Hˆc+Hˆd+Hˆd−c, where
Hˆc =
∑
λ=L,R
∑
k,σ
ǫkλcˆ
†
kλσ cˆkλσ (2)
Hˆd =
∑
σ
Eddˆ
†
σ dˆσ + U
(
dˆ†↑dˆ↑ −
1
2
)(
dˆ†↓dˆ↓ −
1
2
)
−
U
4
Hˆd−c =
∑
λ=L,R
∑
k,σ
(
Vkλdˆ
†
σ cˆkλσ + V
∗
kλ cˆ
†
kλσ dˆσ
)
.
Here, Hˆc is the Hamiltonian for electrons in the metallic
leads λ = L and λ = R. Hˆd describes the localized states
in the dot, including the Coulomb interaction, and Hˆd−c
is the coupling term between the dot and the leads. We
have defined Ed = ǫd +U/2. For the p-h symmetric case
ǫd = −U/2 and hence Ed = 0.
Beyond setting up a systematic expansion for α and γ
in terms of Ed and up to O(V
2), we also address the issue
of current conservation beyond O(V 2). Away from p-h
symmetry, a proper treatment of the (renormalized) in-
teraction vertex is necessary to reproduce e.g. the correct
local occupation already in equilibrium. Since, by conti-
nuity, particle flow is connected to the rate of change of
the local occupation, any sensible approximation has to
respect the corresponding symmetries of the interaction
vertex in order to be current-conserving [14]. As dis-
cussed by Hershfield et al. [20], for perturbation theory
in U , steady state current conservation holds only in the
p-h symmetric SIAM. We therefore develop an approach
to transport in the p-h asymmetric SIAM based on dual
fermions [21] that is based on perturbation theory in U
for the p-h symmetric SIAM [5, 22–24]. As demonstrated
explicitly, our results are rigorous up to O(V 2) and are
current conserving (beyond O(V 2)). As the p-h sym-
metric SIAM is interacting, the expansion around it is
delicate. We use the dual fermion method [25, 26] which
yields a formal expansion built around the 4-point vertex
of the reference system with Ed = 0. This systematically
extends the work of Yamada and Yosida and Zlatic´ and
Horvatic´ to the asymmetric SIAM [23, 24, 27–29] and
results in a controlled expansion for the transport coef-
ficients up to, including, O(U2E2d). A generalization to
higher orders is possible [30].
The generating functional on the Keldysh contour is
given by
Z =
∫
D[ψˆ†, ψˆ]D[Φˆ†, Φˆ]eiS[ψˆ
†,ψˆ,Φˆ†,Φˆ], (3)
where the action on the Keldysh contour is expressed in
terms of a functional integral over time-dependent Grass-
mann fields, ψˆ†kλσ(t) =
(
c−kλσ(t), c
+
kλσ(t)
)†
and Φˆ†(t) =
(d−σ (t), d
+
σ (t))
†
. Here, the indices ± refer to the time-
ordered (-) and anti-time-ordered (+) path along the
closed Keldysh contour. Each lead (L/R) is taken to
be in equilibrium and characterized by its temperature
(TL = TR = T ) and its chemical potential (µL/µR).
The lead electrons are non-interacting and the resulting
Gaussian integrals can be carried out, resulting in
Z =
∫
D[Φˆ†σω , Φˆσω]e
iS[Φˆ†
σω
,Φˆσω ] , (4)
where the effective action S is given by
S[Φˆ†σω, Φˆσω ] = SU [Φˆ
†
σω , Φˆσω ]
−
∫ +∞
−∞
dω
2π
∑
σ
Φˆ†σωEdσˆ3Φˆσω , (5)
and
SU [Φˆ
†
σω , Φˆσω] = S
int
U [Φˆ
†
σω, Φˆσω ] (6)
+
∫ +∞
−∞
dω
2π
∑
σ
Φˆ†σω(ω + (ΓL + ΓR))σˆ3Φˆσω
is the effective action for a p-h symmetric (Ed = 0) and
interacting (U 6= 0) system. Here,
Γλ = −
∑
k,σ
|Vkλ|
2
ω − ǫkλ + iη+
for λ = L,R. (7)
For simplicity, we assume that the density of states of
left and right lead, ρλ(ω) =
∑
k δ(ω − ǫkλ), are iden-
tical and p-h symmetric ρλ(ω) = ρλ(−ω) [11]. In the
wide band limit, we set i∆ = ΓL + ΓR. To generate
an expansion in terms of Ed, we decouple the 2nd term
on the RHS of Eq.(5) into φ†σωg
−1
σωΦˆσω via a fermionic
Hubbard-Stratonovich transformation, where gσ,ω is the
Green’s function for the interacting (U 6= 0) and sym-
metric (Ed = 0) SIAM [21]. One can show [21, 30]
Gσ,ω = −E
−1
d σˆ3 + (gσ,ωEdσˆ3)
−1
Gfσ,ω (Edσˆ3gσ,ω)
−1
,(8)
where Gσ,ω is the Green’s function matrix for the inter-
acting (U 6= 0) asymmetric (Ed 6= 0) SIAM, σˆ3 is the
third Pauli matrix, and Gfσ,ω is the dual fermion ma-
trix Green’s function, obtained from the solution of the
matrix Dyson equation
Gfσ,ω =G
f(0)
σ,ω +G
f(0)
σ,ω Σ
f
σ,ωG
f
σ,ω, (9)
where the bare dual fermion Green’s function is defined
by G
f(0)
σ,ω = −gσ,ω
(
gσ,ω − E
−1
d σˆ3
)−1
gσ,ω. The dual
fermion selfenergy Σfσ,ω is given in terms of gσ,ω and
the 4-point vertex of the interacting (U 6= 0) and sym-
metric (Ed = 0) SIAM [30]. So far, no approximation
has been made and this expansion is expected to work
for small as well as large Ed [25]. We proceed by solv-
ing the reference system (Ed = 0) within the renormal-
ized perturbation theory around the strong coupling fixed
3point [5, 22, 28]. For a systematic expansion in Ed up to
O(E2d), we keep only the first two terms in the Dyson se-
ries for G
f(0)
σ,ω . As a result, the explicit expression for the
retarded self-energy at finite bias voltage µL − µR = eV
obtained from our superperturbation scheme up to, in-
cluding, O(T 2V 2), is [30, 31]
ΣrEd = (1− χ˜++)ω + Ed − χ˜
−1
++Ed
(
U
π∆
){
1−
χ˜2++
3
×
[(
πT
∆
)2
+ ζ
(
eV
∆
)2]
+ 7
ζ
9
χ˜4++
(
πTeV
∆2
)2}
−i
∆
2
(
U
π∆
)2
(10)
×
[( ω
∆
)2
+
(
πT
∆
)2
+ ζ
(
eV
∆
)2
−
ζ
3
(
πTeV
∆2
)2
χ˜2++
]
,
with χ˜++ = 1 + (3 − π
2/4)(U/π∆)2 + O(U4) [22, 24]
and ζ = 3κ/(1 + κ)2 where κ = ΓL/ΓR measures the
asymmetry in the lead-to-dot couplings. Notice that
there are no terms of O(E2dU) nor O(E
2
dU
2) in Eq.(10).
The next leading correction to the retarded selfenergy is
O(E3dU,EdU
3) [30]. For U = 0, Eq. (10) reduces to the
corresponding result of the resonant level model.
We now turn to a discussion of the current. The
steady-state current through the dot [20, 32],
I=
( e
~
)∫ +∞
−∞
dω
4ΓRΓL
ΓR + ΓL
[fL(ω)− fR(ω)]A(ω, T, V ),
(11)
follows from the continuity equation and relies on cur-
rent conservation IL + IR = 0 in the steady state to
recast I entirely in terms of the spectral density. As a
result, Eq. (11) poses a strong constraint on admissible
local distribution functions F (ω, T, V ), where F is de-
fined through G−+ = F (ω, T, V )(Ga − Gr) [30]. Here,
IL/R is the current from the left/right lead to the dot,
A(ω, T, V ) is the local spectral density (in the presence
of the dot-lead coupling) and fL/fR is Fermi function in
the left/right lead, respectively. A second local distribu-
tion function F˜ (ω, T, V ) can be introduced via Σ−+ =
F˜ (ω, T, V )(Σa −Σr). For the SIAM considered here one
can show that F (ω, T, V ) = F˜ (ω, T, V ) in the steady
state limit. This in turn implies G−+Σ+− = G+−Σ−+
which ensures current conservation [20, 30]. Note, that
in general one cannot conclude F = F˜ away from equi-
librium.
Current conservation of our approach beyond O(V 2)
follows from the general relations Σ++Ed + Σ
−−
Ed
− Σ+−Ed −
Σ−+Ed = 0, Σ
++
Ed
= −(Σ−−Ed )
∗, ΣrEd = Σ
−−
Ed
− Σ−+Ed and
Eq. (10) which imply
F (ω, T, V )(ΣaEd − Σ
r
Ed) = i∆
(
U
π∆
)2
×
[( ω
∆
)2
+
(
πT
∆
)2
+ ζ
(
eV
∆
)2
−
ζ
3
(
πTeV
∆2
)2
χ˜2++
]
×feff(ω, T, V ) = Σ
−+
Ed
, (12)
where we introduced feff (ω, T, V ) = (κfL + fR)/(1 +
κ). Eq. (12) shows that within our scheme F (ω, T, V ) =
F˜ (ω, T, V ). The local distribution function F turns out
to be [30]
F (ω, T, V ) =
ΓLfL + ΓRfR − feff (ω, T, V )ImΣ
r
1− ImΣr
. (13)
The non-linear conductance follows from Eq. (11) and
the approximation for A(ω, T, V ) = −π−1ImGr, where
Gr = (ω + i∆− ΣrEd)
−1 is the retarded Green function.
We are primarily interested in the transport coefficients
in the vicinity of the strong coupling fixed point, where
our expansion is in terms of renormalized parameters [22].
The renormalized parameters are defined as ǫ˜d = Ed/∆,
∆˜ = χ˜−1++∆, u˜ = χ˜
−1
++(U/π∆). In terms of these, one
finds
G(T, 0)−G(T, V )
G0
= cV
(
eV
∆˜
)2
−cTV
(
eV
∆˜
)2(
kBT
∆˜
)2
− cV E
d
(
eV
∆˜
)
+ cTV E
d
(
eV
∆˜
)(
kBT
∆˜
)2
, (14)
where
G(T, V = 0) = G0
[
1− cT
(
kBT
∆˜
)2]
, (15)
cT =
π2
3
1 + 2u˜2 + ǫ˜2d[(8− 5u˜)u˜− 3]
(1 + (1 − u˜)2ǫ˜2d)
2 .
The zero-temperature linear conductance G0 =
(2e2/h)4ζ3 (1 + (1 − u˜)
2ǫ˜2d)
−1 reproduces the exact result
from Friedel’s sum rule up to O(u˜2ǫ˜2d) as sin
2(πnd) ∼
1− (1− u˜)2ǫ˜2d, for nd the local occupation per spin com-
ponent. For the transport coefficients in Eq. (14), we
find
cV = 1 +
u˜2
2
− ζ
(
1− u˜2
)
− ǫ˜2d (1− u˜)
×HV (u˜, ζ) +O(ǫ˜
4
d) (16)
cTV = π
2
[
2(1− ζ) +
u˜2
2
(9− 5ζ)
]
− ǫ˜2d (1− u˜)
×HTV (u˜, ζ) +O(ǫ˜
4
d) (17)
cV Ed = 2
(
1− κ
1 + κ
)
(1 − u˜)ǫ˜d +O(ǫ˜
3
d) (18)
cTV Ed = −2π
2
(
1− κ
1 + κ
)(
2 + 3u˜2
)
× (1− u˜) ǫ˜d + O(ǫ˜
3
d) (19)
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FIG. 1: (Color online) Coefficients α (upper set) and γ (lower
set) versus the Different degrees of lead-to-dot asymmetry
coupling: κ = 20 (left) and κ = 2 (right) are compared, for
different values of particle-hole asymmetry ǫ˜d.
where we have defined the functions HV (u˜, ζ) =
5 − 5u˜ + u˜2 − ζ
(
5− 3u˜− 2u˜2
)
and HTV (u˜, ζ) =
π2
[
28− 16u˜+ 812 u˜
2 − ζ
(
28− 223 u˜+
76
3 u˜
2
)]
.
In Fig. 1, we show our results for α and γ for vari-
ous cuts through parameter space (u˜, ǫ˜d, κ). Note, that
in the strong coupling limit (u˜ → 1) the dependence on
ǫ˜d vanishes reflecting the fact that this limit is p-h sym-
metric (see Fig. 1(a) and (b)). γ retains its dependence
on κ in this limit while α becomes independent of κ for
u˜→ 1. Fig. 1(c) and (d) show the ratio γ/α. According
to Eqs. (18) and (19) cVE
d
and cTV E
d
are proportional
to the product of lead-dot asymmetry κ and p-h asym-
metry ǫ˜d and hence may be small in most experimental
realizations. For the p-h symmetric case our expressions
reduce to the results of Oguri and others [5, 16, 17].
We are now in a position to address the experimen-
tal results for α = cV /cT and γ = cTV /c
2
T [8, 9].
A major experimental challenge is to reliably extract
the dynamically generated low-energy scale ∆˜ ∼ TK
(∆˜ = 4kBTK/π at u˜ = 1). The phenomenological for-
mula G(T, 0) = G0/(1+(2
1/s−1)(T/TK)
2)s is commonly
employed to extract TK [33]. Evidently, the parameter
s fixes cT (s = 0.21 as in [8] leads to cT ≈ 5.5 and
s = 0.22 [9] results in cT ≈ 4.9). Eq. (16) shows that
cT is not only a function of u˜ but also depends on the
p-h asymmetry through ǫ˜d, see Fig. 2. This complicates
the experimental extraction of TK . In theory, TK is not
unique away from p-h symmetry but will depend on the
physical quantity used for its definition.
The reported values [8, 9] suggest that charge fluctu-
ations are present in both experiments and the coeffi-
cients cV E
d
and that cTV E
d
are indeed vanishingly small.
Yet, they may have been detected in [9]. The experi-
mental values reported in [8] are compatible with e.g.
u˜ = 0.45, ǫ˜d = 0.1, κ = 1 yielding α = 0.1 and γ = 0.51.
While we can reproduce γS of [9], it is not possible
to reproduce both consistently within the SIAM. The
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FIG. 2: (Color online) Prefactor of k2BT
2/∆˜2 of the linear
conductance (a) vs. renormalized coupling strength (b) vs.p-
h asymmetry.
value αS ∼ 0.05 is too small to be explained within the
SIAM, as the minimum value for α within the SIAM is
αmin = 3/(4π
2) ≈ 0.076 (corresponding to ǫ˜d = 0, u˜ = 0,
κ = 1). The underlying low-energy model of the exper-
iment [9] can therefore not simply be the SIAM. One
possible generalization is that more than one level par-
ticipates in the low-energy properties. Then, already G0
is no longer given solely in terms of the occupation nd
and the lead-to-dot couplings will enter explicitly [34]. A
more likely alternative is that local phonon modes renor-
malize the transport coefficients α and γ differently.
In summary, we have developed a novel analytic
scheme based on dual fermions to obtain non-linear
transport coefficients for the Anderson model. This ap-
proach gives a controlled expansion around the weak and
strong coupling fixed points even away from particle-
hole symmetry and allows for a consistent calculation of
charge and energy currents. A generalization to nonlin-
ear magneto- and thermal transport properties is possi-
ble. Our scheme thus constitutes a convenient analytic
way of characterizing nano-structured devices in terms of
renormalized parameters u˜, ǫ˜d and κ and the low-energy
scale ∆˜ of an underlying model. With the current inter-
est in strongly correlated systems away from equilibrium
our approach should prove useful as it provides controlled
results against which more general schemes [35] might be
tested.
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Note added After completion of this work we became
aware of Ref. [36], which addresses the effect of p-h asym-
metry on α within a perturbation theory around the p-h
asymmetric case. A problem with this approach is that it
fails to recover p-h symmetry at u˜ = 1 and gives a linear
5in T term in the spectral density away from half filling
n = 1 in contradiction to certain Ward identities [5].
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